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PREFACE 
The present dissertation entitle "Application of Variational Inequality in Option 
Pricing " have been written under the siipervision of Dr. S. C Gupta, Reader, Department of 
Mathematics (Women's College), Aligarh Muslim University, Aligarh. The theory of 
variational inenqualities introduced by G. Fichera and G. Stampacchia, independently in 
early sixties to study the problems in potential theory and mechanics respectively. The 
theory of variational inequalities is a well established tool to solve problems from mechanics, 
engineering, operations research, optimization, game theory and economics. In this 
dissertation I have studied the applications of variational inequalities in option pricing . 
The dissertation comprises five chapters and each chapter is subdivided into 
various sections. In Chapter-I, a brief survey of option pricing and variational inequalities 
is presented. All the basic definitions, notations and residts which are essential for the 
presentation of the subsequent chapters have also been reviewed. Chapter-II deals with 
the Blacks-Scholes model, which provides rich insight into the valuation of debt relative to 
equity and determined the equilibrium value of an option. In Chapter-Ill we discuss briefly 
the modeling of European and American options depending on history of asset price . In 
Chapter-IV a brief survey of evolution of variational inequality is presented . Chapter-V 
contains a modeling of American options through variational inequality. 
Definitions, problems, inequalities, results in the text have been specified with 
double decimal number. For example inequality (4.3.1) refers to the first inequality 
appearing in the third section of the fourth chapter. 
In the end a list of references of the hterature consulted has been given. 
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CHAPTER-1 
PRELIMINARIES 
1.1. I n t r o d u c t i o n 
Option means several things to different people. It may refer to choice 
or alternate or privilege or opportunity or preference or right. Options are 
valuable since they provide protection against unwanted uncertain happen-
ings. Options can be exercised on the happenings of certain events. 
Options may be explicit or implicit when you buy insurance on your 
house,it is an explicit option that will protect you in the event there is a 
fire or a theft in your house. If you own share of a company your liability is 
liniited. Limited liability is an implicit option of default on the payment of 
debt. 
Option have assumed considerable significance in finance.They can be 
written on any asset, including shares, bonds, portfolios, stockindices, cur-
rences etc. They are quite useful in risk managment. 
In a broad sense, an option is a claim without any liability. It is a claim 
contingment upon the occurence of certain conditions. Thus an option is a 
contingent claim. More specifically, an option is a contract that gives the-
holder a right, with out any obhgation, to buy or sell an asset at an agreed 
price on or before a specified period of time. 
1.1.1 Call Option: A call option is the right to buy a particular assel for an 
agreed amount at a specified time in the future. 
1.1.2 Put Option: A put option is the right to sell a particular ass(M (or an 
agreed amount at a specified time in the future. 
1.1.3 Exercise(Strike) Price: The price at which option can be exorcise is 
called is an exercise price or a strike price. 
1.1.4 Underlying Asset: The asset on which the put or call option is created 
is referred to as the underlying asset. 
1.1.5 European Option:When an option is allowed to be excerciscd only on 
the maturity date, it is called an European option. 
1.1.6 American Option: When an option can be excercised any time before 
the maturity, it is called an American option. 
When will an opiion holder exercise his right? He will exercise his option when 
doing so provides him a benefit over bying or selling the underlying assel from 
the market at the prevailing price. There are three possibilities: 
(I) In the Money: An option is said to be in the money when it is advanta-
geous to exercise it. 
( I I) Out of the Money: An option is said to be out of the money if it ib not 
advantageous to exercise it. 
(III) At the Money: If the option holder does not lose or gain wliclhei he 
exercise his options or buys or sells the asset from the market, the option is 
said to be at the money. 
1.1.7 Premium: The amount paid for the contract initially is called pre-
nium. 
1.1.8 Option P r e m i u m : The holder of an option has to pay a price for 
obtaining a call or a put option. The price will have to be paid whether or not 
the holder exercise his option, and it is called the option premium. 
1.1.9 Expiration (Expiry) Date : Date on which the option can be exer-
cised or date on which the option ceases to exist or give the holder any right. 
This will be denoted by T. 
1.1.10 Intrinsic Value: The payoff that would be received if the underlying 
is at its current level when the option expires. 
1.1.11 T ime Value: Any value that the option has above its intrinsic \aluc. 
The uncertainty surrounding the future value of the underlying asset means 
that the options values is generally different from the intrinsic value. 
1.1.12 Long Position: A positive amount of a quantity or a positive expo-
sure to a quantity. 
1.1.13 Short Position: A negative amount of a quantity or a negative ex-
posure to a quantity. Many asset can be short with some constraints on the 
length of time before they must be bought back. 
1.1.14 Arbitrage: The exploitation of differences between the prices of fi-
nancial asset or currency or a commodity within or between markets by buying 
where prices are low and selling where they are higher. 
1.1.15 Stradle: A combined position created by the purchase or sell of put 
and call at the same exercise price is called a stradle. 
1.1.16 Spread: A combined position created by the purchase or sell of put 
and call at the different exercise price is called a spread. 
1.1.17 Equity: The most basic of financial instruments is the equity, stock 
or share. This is the ownership of a small piece of a company. 
1.1.18 Dividend: A sum of money to be divided among a number of a per-
sons, specially that paid by a company to shareholders. 
1.1.19 Stochastic Differential Equation: Suppose that at time t the as-
set price is S. Consider a small subsequent time interval dt, during which 5 
changes to S + dS. Model of the corresponding return on the asset ^ , de-
composes into two parts. One is predictable deterministic return akin to the 
return on money invested in riskfree bank. It gives a contributaiou fidt to the 
return ^ , where /i is a measure of the average rate of growth of the asset price, 
also known as the drift. 
The second contribution to -g- models the random change in the asset price 
in response to external effects, such as unexpected news. It is represented by 
a-random sample drawn from a normal distribution with mean zero and adds 
a term adx to ^ . Here cr is a number called the volatility, which measures 
the standared deviation of the returns. The quantity dx is the sample from 
a normal distribution. Putting these contribution together, we obtain the 
stochastic differential equation 
dS 
— = adx + fidt (1.1.1) 
1.1.20 Ito's Lemma: Ito's lemma is the most important result about the 
manipulation of random variables.lt relates the small change in a function of a 
random variable to the small change in the reindom variable itself.Our heuristic 
approach to Ito's lemma is based on the Taylor series expansion. 
Before coming to Ito's lemma we need some results, which we do not prove 
rigorously. These results are that, with probability one, 
dx^ —> dt as dt —> 0 
and 
dx = 0[Vdt) (1.1.2) 
Thus the smaller dt becomes, the closer dx"^ comes to being equal to dt. 
Suppose that f{S) is a smooth function of S. If we vary 5 by a small amount. 
From the Taylor series expansion we can write 
* = l^^n§ + - ''•'•^ ' 
Where the dots denote a remainder which is smaller than any of the terms we 
have retained. Now dS is given by (1.11) where dS is simply a number,albeit 
random, and so squaring it we find that 
dS^ = [aSdx + fjSdtf 
= (7^S''dx'' + 2(7nS^dtdx + fi^S^dt^ ^^•^•^' 
We now examine the order of magnitude of each of the terms in (1.1.4).Since 
dx = 0{\/dt) the first term is the largest for small df and dominates the other 
two terms. Thus, to leading order 
dS"" = d'^S^'dx^ + ••• 
since dx"^ —> dt, to leading order 
dS' = a^S^dt 
We substitute this in to (1.1.3) and retain only those terms which are at 
retain only those terms which are at least as large as 0{dt).Vsmg also the 
definition of dS from (1.1.1),we find that 
df = %{aSdx + fiSdt) + la^S'^dt 
do 1 db^ 
This is Ito's lemma relating the small change in a function of a random 
variable to the small change in the variable itself. 
1.1.21 Call Option: A call option on a share is a right to buy the share 
at an agreed price. Suppose that the current share price of Rolls - Royee's 
share is Rs. 130. You expect that price in a three months period {S) will go 
upto Rs. 150. But you do fear that the price may also fall below Rs. 130. To 
reduce the chance of your risk and at the same time to have an opportunity 
of making profit, instead of buying the share, you can buy a three months call 
options on Rolls-Royee's share at an agreed exercise price (E) of say Rs. 125. 
Ignoring the optioa premium, taxes, transaction costs and the time value of 
money. Will you exercise your option if the price of the share is Rs. 130 in 
three months? You will exercise your option since you get a share worth Rs. 
130 by paying an exercise price of Rs. 125. You will gain Rs. 5; that is the 
value of your call option at expiration (C) is Rs. 5. Your call option is in 
the money at maturity. What will you do if the price of the share is Rs. 120. 
When the option expires? Obviously, you will not exercise the option, you gain 
nothing. Your call option is worthless and it is out of the money at expiration. 
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You will notice that the value of your call option naver be less than zero. Thus 
you should exercise call option when : 
Share price at expiration > Exercise price 
^ S> E 
Do not exercise option when 
Share price at expiration < Exercise price 
=^ S<E 
The Value of the Call Option at Expiration: 
Value of the call Option at expiration = Max[share price - exercise price, 0] 
C(5,T) = Max[5 -E ,0 ] 
This expression Indicates that the value of a call option at expiration is the 
maximum of the share price minus the exercise price or zero. 
The call option holder's opportunity to make profit is unlimited. It de-
pends on what the actual market price of the underlying share is when the 
option is exercised. The greater the market value of the underlying asset, the 
larger the value of the option. Fig (1.1) shows tha value of a call option. 
Value of the call option (C) 
Unlimited pay off potential 
Value of the share (5) 
Out of the money E In the money 
(bad outcomes) exercise price (good outcomes) 
Fig( l . l ) PAYOFF OF A CALL OPTION BUYER 
It may be observed from Fig(l.l) that the call buyer's potential payoff is 
unlimited. Once the price of the share (the underlying asset) goes beyond the 
exercise price. If the share price is on or blow the exercise price, the call buyer 
will not exercise his option. Thus his payoff will be zero since the option worth 
is nothing. 
It may also be observed from Fig (1.1) that possible outcomes can be di-
vided into two parts. One above the exercise price and other below the exercise 
price. The outcomes above the exercise price are said to be in the money and 
are benificial to the option holders but not outcomes below the exercise price. 
1.1.22 Example: The share of a Bright Engineering company is selling for 
Rs. 104. Bill buys a 3-month call option at a premium of Rs. 5. The exercise 
price is Rs.l05. What is Bill payoff if the share price is Rs. 100 or Rs. 105 or 
Rs. 110 or Rs. 115 or Rs. 120 at the time option is exercised ? It is calculated 
in table (1.1) and also shown in Fig( 1.2).Bill will exercise his option for any 
price above Rs. 105 the exercise price. Since the exercise price is Rs.105 and 
Bill (the buyer) has to pay a premium of Rs.5, his payoff will be zerowhen 
share price rises to Rs. 110. Thus 110 is a break-even price (i.e. the exercise 
price plus the call premium ) for him. 
Rs. Rs. Rs. Rs. Rs. 
Share Price [S] 100 105 110 115 120 
(Buyer's inflow) 
Sale of Share - - 110 115 120 
(Buyer's outflow) 
Exercise Option Not Exercised Not Exercised 105 105 105 
Call Premium 5 5 5 5 5 
Net payoff -5 -5 0 +5 -}-10 
Table 1.1 
THE CALL OPTION HOLDER'S PAYOFFAT EXPIRATION 
The exercise price Rs. 105 seprates the good outcomes from the bad outcomes. 
The seller of the call option (the asset owner) is being paid call premium Rs. 
10 
5 for giving up the good outcomes in favour of the buyer of the call option. 
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Limited loss area Exercise price 
Unlimited 
profit potential 
Break-even price 
10 Fig (1.2) PAYOFF OF THE CALL OPTION BUYER 
1.1.23 Put Option: Put option is a contract that gives the holder a right to 
sell specified shares at an agreed price on or before a given maturity period. 
Supose you expect price of Glaxo company's share to fall in the near fe-
ture. Therefore you buy a three month put option at an exercise price (£) of 
Rs. 50. The current market price of Glaxo share (S) is Rs. 48. If the price 
actually fall to {Si) Rs. 35 after three mouths, you will exercise your option. 
You will buy the share of Rs. 35 from the market and deliver it to the put 
option seller (writer) to receive Rs. 50. Your gain is Rs. 15, ignoring the put 
option premium transaction cost ant taxes. You will forgo your put option if 
the share price rises above the exercise price, the put option is worthless for 
you and its value is zero. A put buyer gains when the share price falls be-
low the exercise price. Ignoring the cost of buying the put option (called put 
premium) his loss will be zero. When the share price rises above the exercise 
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price since lie will not exercise his option. 
Thus, exercise put option when : 
Exercise Price > Share Price at Expiration 
=> E> S 
Do not exercise put option when : 
Exercise Price < Share Price at Expiration 
^ E<S 
The Value of Put Option at Expiration : 
Value of Put Option at Expiration = Max[Exercise Price - Share Price 
at expiration, 0] 
= Max[E-5 ,0 ] 
Value of the Put Option 
(Option Buyer) 
Limited Profit 
Value of the Share 
(underlying asset) 
0 On the M^ney Exercise Price Out of the Money 
Fig (1.3) PAYOFF FOR A PUT OPTION BUYER 
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Fig (1.3)shows that the value of the put option for the option holder depends 
on the value of the underlying asset.The value of the put option is zero when 
it is out of the money. We observe from Fig (1.3) that the potential profit of 
the put option buyer is limited since share price can not fall below zero. The 
exercise price is the dividing point between the good and bad outcou"ics. The 
put option buyer's gain is the seller's loss. The seller insures the buyer from 
the bad outcomes. 
1.2 Fundamental Tools of Functional Analysis : In this section, we 
present some basic notations, definitions and known results of functional anal-
ysis which will be used in the proof of results in the subsequent chapter. Let 
H he a, real Hilbert space and its dual H* where norm and inner product are 
denoted by |||| and (.,.) respectively. The pairing between H' and H denoted 
by < . , . > , /\ be a nonempty closed convex subset of H. 
Definition 1.2.1: An operator T : H —>• //* is said to be : 
(z) Q-strongly monotone, if there exist a constant a > 0 such that 
< T{u) - T{v), u - V > > a II u - u 11^ , for all u,v e JI; 
{ii) /3-Lipschitz continious, if there exist a constant /? > 0 such that 
\\T{u)-T{v)\\<f3\\u-v\\-
(in) Hemi-continuous, if for every u,u G K, the mapping t : T{u + tv) is 
continuous at 0" .^ 
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Remark 1.2.1: It can be easily seen that a < /3 
Definition 1.2.2[3]: A bilnear form a(. , . ) : H x H —> R is said to be 
(i) Coercive if there exist a constant 7 > 0 such that 
a{u,v) > 7 II u II , for all ti G H; 
(ii) Continous (or bounded), if there exist a constant /i > 0 such that 
a(u,u) < ^ II u nil V II, for all u^v ^ H\ 
A number of boundary value problems can be written in the form of the 
following problem: 
P r o b l e m 1.2.1[3]:For given / € //*, find u G / / such that 
a(u,i;) = < / , u >, for all t; G / / (1.2.1) 
In 1954, P.D.Lax and A.N.Milgram proved the following existence and 
uniqueness result for the solution of problem (1.2.1) 
L e m m a 1.2.1[64]:If a( . , . ) : H x H —y R'ls a. coercive and continuous bilin-
ear form on a Hilbert space H then the variational Problem 1.2.1 has a unique 
solution. 
L e m m a 1.2.2[3]: Let A' be a closed covex subset of a Hilbert space H. Then, 
for each z G H, there is a unique u 6 A' such that 
\\z-u\\=mi,^j,\\z-u\\ (1.2.2) 
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Remark 1.2.2:(i) The point u satisfies 1.2.2 is called projection of z on A', 
and we write v — PK^-
(ii) PKZ = z for all z G A'. 
L e m m a 1.2.3[17]: Let A' be closed convex subset of a Hilbert space / / . i'lius 
for each z G H, the following two conditions are equivalent : 
(i) There is a u € K such that u = PK^; 
{ii) There is a u € A' such that 
< u,u — u > > < 2,u — u > , for all u G A'. (1.2.3) 
L e m m a 1.2.4[17]: The projection mapping PK is non expansive, i.e. 
\\ PKU - PKV \\<\\ u - V \l for a l U , u € / / . (1.2.4) 
L e m m a 1.2.5[78]: Let K be a non empty closed convex subset of II, m : 
H —> H and K{u) = K + m{u) for each u e H. Then for all u,v e H 
PK{U){V) = m{u) + PK{V - m{u)). 
Definition 1.2.3: A multivalued mapping T : H —> 2^*, 2 ^ ' denotes the 
family of all non empty subset of H*, is said to be : 
(i) Q-strongly monotone, if there exist a constant /? > 0 such that 
< x-y,u-v > > a II u - u 11^ for all u,v G H,x e T{u) and y e T{v); 
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[ii) /3-Lipschitz continious, if there exist a constant (3 > Q such that 
5{T{u),T{v))</3\\u-v\l for all u, u G //; 
where 
5(A,B) = S u p { | | a - 6 | | : a € A,be B}, for allA, 5 € // 
Definition 1.2.4[27]: Let X,Y be two normed space, T : X —> L{X,Y) 
be a mapping and let C be a closed, pointed and convex cone of Y such that 
intC 7^  4>. Then T is said to be : 
(?) C-monotone if, for any u, u 6 A", 
<T{u)-T{v),u-v>^C] 
(ii) C-pseudo monotone if, for any u,v ^ X, 
<T{u)-T[v),u-v>^ -intC implies that < 7^(1)),y - li > ^ -intC; 
{ill) K-hemicontiuuous if, for any u,u,iu G A', the mapping 
a — X T{u + au), w > is continuous at O"*". 
Definition 1.2.5[25]: Let X and Y be two normed space, T : X —> 2^('^''^' 
be a set valued map and let C be a closed, pointed and convex cone such that 
intC y^ 4>. Then T is said to be : 
(z) C-monotone if, for any u,v e X, s e T{u),t 6 T{v) such that 
< s — t,u ~ V >G C; 
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{ii) C-pseudo monotone if, for any u,v G X, there exists s € T{u) such 
that < s,u - V > ^ -intC implies that there exists t G T{v) such that 
< t,v — u > ^ -intC; 
{in) V-hemicontinuous if, for any u,v € X, a > 0 and ta G T{u + av), there 
exists 0^ G r ( " ) such that for any z e X, < ta^z >—^< io,z > as 
a — ^ 0 + . 
Definition 1.2.6[3]: Let X and Y be two Banach spaces, T : v^  —> 2^ be a 
set valued map and let u E X. Then T is said to be lower semi continuous (in 
short, l.s.c), at u E X li Un -^ u, Un E X for all n and v G i^(u) imply that 
there exists u„ G F{un) for all n such that t;„ -> u. 
Definition 1.2.7: Let JiT be a Banach space and let T : X —> 2^ be a set 
valued mapping.Then a point u G X is called a fixed point of T iff D G T{u). 
Definition 1.2.8[7]:(Banach Contraction Principle) Let X be a Banach space. 
Then a multivalued contraction mapping defined on X into itself, has a unique 
fixed point. 
Lemma 1.2.6[26]:(Minty Lemma) Let K be a closed convex subset of a reflex-
ive Banach space and let T : K —> X* be monotone and V-hemicontinuous . 
Then u satisfies 
II G K :< T{u),v- u >> 0, for all v G A' 
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if and only if it satisfies 
V e K :< T{v),v- u >> 0, for all u G A' 
L e m m a 1.2.7[27]:Let (.V, P) be an ordered Banach space with a closed, 
pointed, solid, convex cone J-'. 'J'hen, for any u,v € A', we have 
(z) u - V e in tP and u ^ in tP =^ v ^ intP; 
(fi) u - V e P and u ^ in tP =^ v ^ intP; 
(Hi) u — V ^ in tP and u ^ - intP =^ v ^ - intP; 
{iv) u - V e P and u ^ - intP => u 0 - intP; 
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CHAPTER-2 
BLACK-SCHOLES MODEL 
2.1. Introduction: In a research paper, Fischer Black and Myron Scholes 
[18] developed a precise model for determining the equilibrium value of an 
option. They then went on to observe that the option pricing concepts can 
be used to value other contingent claim. In perticuler, the model provides 
rich insight into the valuation of debt relative to equity. The Black-Scholes 
model has been extended and refined in major ways and new applications 
are continually unfolding. The model has both theoretical importance for 
vciluing contingent claims and practical importance for identifying overval-
ued and undervalued options in the market. 
2.2 BLACK-SCHOLES M O D E L : A number of assumptions air in or-
der before we can discuss the Black-Scholes model: 
1. The rates of return on a share are lognormally distributed. 
2. The value of the share (The underlying asset) and the risk free rate 
are constant during the constant during the life of the option. 
3. The market is efficient and there are no transaction costs and taxes. 
4. There is no dividend to be paid on the share during the life of the 
option. 
5. There are no arbitrage possiblities. The absence of arbitrage oppor-
tunities means that all risk free portfolios must earn the same return. 
6. Trading of the underlying asset can take place continuously. 
7. Short selling is permitted and the asset are divisible. 
Now suppose that V is the value of an option and a function of the 
current value of underlying asset S and time t i.e. V = V{S^t) 
C{S,t) : denote a call option 
P{S,t) : denote a put option 
The value of an option also depands on the following parameters : 
a : The volatility of the underlying asset 
E : The exercise price of the option 
T : The expiry time 
r : The short term annual interest rate continuously compounded 
Suppose that we have an option whose value V{S,t) depends only on 
S and t. It is not necessary at this stage to specify whether V is call or 
put; V can be the valus of a whole portfolio of different options although 
for simplicity we can think of a simple call or put. Using Ito's lemma 
./ = < , 4 . x + ( , 5 | + 1.^ 5 f^^  + f ) . , . (2.2.1) 
We can write 
..^.^...(..f.i.^.^^.^).." (2.2 . , 
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This gives the random walk followed by V. Note that we required V 
to have at least one t derivative and two S derivatives. 
Now construct a portfolio of one option and a number —A of the under-
lying asset. This number is as yet unspecified. The value of this portfolio 
is 
U = V-AS (2.2.3) 
The jump in the value of this portfolio is one step is 
dU = dV - AdS (2.2.4) 
Here A is held fixed during the time step. If it were not then dU would 
contain term is dS. To find 11 follows the the random walk from (2.2.4) i.e. 
dU = dV - AdS, from (2.2.2) 
i n = .S^^d. + ( , S ^ + i . ^ 5 ^ ^ + '-^)dt - AclS. (2.2.5) 
We also know that 
dS ... , 
— = adX + yidt 
dS — crSdX + fiSdt 
(2.2.5) becomes 
dV dV I . o5^y dV 
dH = <rS-^dx + ( M S ^ + 2 ^ W ^ 'm^'^^ ~ '^^'^^^^ + ^^^^)-
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Now we can eliminate the random component in this random by choos-
ing 
dV 
A = TT- (2.2.7) dS ^ ' 
Note that A is the value of | ^ at the start of the time step dt. 
This results in a portfolio whose increment is wholly deterministic : 
We now appeal to the concepts of arbitrage and supply and demand, 
with the assumption of no transaction costs. The return on an amount 11 
invested in riskless assets would see a growth of rUdt in a t ime dt. If the 
right hand side of (2.2.8) were greater than this amount; an arbitrage could 
make a guaranted riskless profit, by borrowing an amount 11 to invest in 
the portfolio. The return of this strategy would be greater than the cost 
of borrowing conversly, if the right hand side of (2.2.8) were less than rWdl 
then the arbitrage would short the portfolio and invest 11 is the bank. Either 
way the arbitrager would make a riskless, no cost, instantaneous profit. The 
existence of such arbitragers with the ability to trade at low cost ensures 
that the return on the portfolio and on the riskless account are more or less 
equal. Thus we have 
.dv 1 o^^a^v, 
ri 
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From (2.2.3) and (2.2.7) we get 
dV 
n = V - ^ 5 . (2.2.10) 
oS 
Put the value of H from (2.2.10) in (2.2.9) we get 
_ ) ^ , = ( _ + - . V _ 
Dividing (2.2.11) by dt we get 
This is the Black-Scholes partial differential equation. 
It is hard to overemphasise the fact that, under the assumption that 
any derivative security whose price depends only on the current value of S 
and on t and which is paid for up front, must satisfy the Black-Scholes equa-
tions. It is also important to note, though that many options, for example 
American options, have values that deped on the history of the asset price 
as well as its present valus. There are three remarks about the derivations. 
Firstly, the delta given by 
dS 
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the rate of change of the value of our option or portfolio of options with re-
spet to S. It is of fundamental importance in both theory and practice,and 
we return to it repeatedly. It is the measure of the correlation between the 
movements of the option or options and those of the underlying asset. 
Secondly tlie linear differential operator CBS given by 
d 1 2o2 ^' o9 
has a financial interpretation as a measure of the difference between 
the return on a hedged option portfolio (the first two terms) and the return 
on a bank deposit (the last two terms). Although this return is identically 
zero for a European option and need not be so and American option. 
Thirdly we note that the Black-Scholes equation (2.2.12) does not con-
tain the growth parameter /t. In other words, the value of an option is 
independent of how rapidly or slowly on asset grows. The only parameter 
form the Stochastic differential equation 
— = adX + lidt 
for the asset price that affects the option price is the volatility a. A 
consequence of this is that two people may differ in their estimates for fi\ 
yet still agree on the value of an option. 
Black-Scholes equation is partial differential equation. By deriving the 
partial differntial equation for a quantity such as an option price, we have 
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made an enormous step towards finding its value. However, a partial dif-
ferential equation on its own generally has many solutions. The value of an 
option should be unique (otherwise arbitrage possibilities would arise) and 
so to pindown the solution, we must also impose boundary condition. 
The commonest type of partial differential equation in financial prob-
lem is the parabolic equation. In its simplest form a parabolic equation 
relates the partial derivatives of a function V{S,t) say the highest deriva-
tive with respect to S must be a second derivative and the highest derivative 
with respect to t must only be first derivative. 
The Black-Scholes option pricing model provides an exact formula for 
determining the value of an option based on the volatility of the stock. The 
price of the stock, the exercise price of the option, the time of expiration 
of the option, and the short term interest rate are calculated from Black-
Scholes model. The model is based on the notion that investors are able 
to maintain reasonably hedged position over time and that arbitrage will 
derive the return on such position to the risk free rate. As a result, the 
option price will bear a precise relationship to the stock price. The Black-
Scholes model provides considerable insight into the valuation of contingent 
claims. 
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CHAPTER-3 
EUROPEAN OPTION AND AMERICAN 
OPTION 
3.1. Introduction: Black-Scholes [18] initiated the modelling of some eq-
uity derivative by parabolic differential equations with appropriate bound-
ary conditions.Options are certain kind of contracts, many of them have 
been named as European, American, Asian and Russian, but they have no 
meaning with the continent of origin, rather they refer to a technically in 
the option contract. Here we discuss briefly the modelling of the European 
and American options depending on history of asset price. The definition 
of each of the terms, underlying asset, equity, derivative, expiry, option, 
call option, put option, strike price or exercise price etc. can be found in 
chapter 1. 
3.2 EUROPEAN OPTION: After derived the Black-Scholes equation 
for the value of an option we consider final and boundary condition, for 
otherwise the partial differential equation does not have a unique solution. 
For European call, with value denoted by C{S,t), with exercise price E and 
expiry date T. 
The final condition, to be applied zX t = T the value of call is known 
with certainity to be the payoff 
C ( 5 , T ) = Max ( 5 - £ , 0 ) (3.2.1) 
This is the final condition for our partial differential equation. 
Our asset price boundary condition are applied at zero asset price, 
5 = 0 and as 5 —> oo. We can see from the Stochastic differential equation 
i.e. 
— = adX + ^dt 
that is S is ever zero then dS is also zero and therefore S can never 
change. This is the only deterministic case of the Stochastic differential 
equation. If 5 = 0 at expiry the payoff is zero. Thus the call option is 
worthless on 5" = U even if there is a large time to expiry. Hence on 5 = 0 
we have 
C ( 0 , 0 = 0. (3.2.2) 
As the asset price increase without bound it becomes ever more likely 
that the option will be exercised and the magnitude of the exercise price 
becomes less and less important. Thus as S —> co the value of the option 
becomes that of the asset and we write 
C ( 5 , 0 ~ 5 a s 5 — > o o (3.2.3) 
For a put option, with value P{S,t) the final condition is the payoff 
P{S,t) = M?ix{E-S,0) (3.2.4) 
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We have already mentioned that if S is ever zero then it must remain 
zero. The final payoff for a put is known with certainity to be E. To 
determine P(0, t) we simply have to calculate the present value of an amount 
E received at time T. Assuming that interest rate are constant we find the 
boundary condition at 5 = 0 to be 
P{0,t) = Ee-'^'^-'^ (3.2.5) 
More generally, for a time dependent interest rate we have 
P{Q,t) = Ee-L'''^'^'^' 
As 5 —> oo the option is unlikely to be exercised and so 
PiS,t)—>>0as5—)• oo (3.2.6) 
3.3 EUROPEAN CALL AND PUT OPTION: Here we solve the 
exact solution of the European call option and put option problem when 
the interest rate and volatility are constant. The Black-Scholes equation 
and boundary condition for a European call with value C{S,t) are 
with 
C(0,0 = 0, C{S,t) r^ S as S—^ oo 
and 
C{S,t) = Msix{S-E,0) 
equation (3.3.1) lookes a little the diffusion equation but it has more terms 
and each time C is differentiated with respect to S it is multiphed by 5, 
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giving non constant coefficients, also the equation is clearly backward form, 
with final date given a.t t — T. 
The first thing to do is to get rid to the awkward S and S"^ terms 
multiplying | ^ and -g^. At the same time we take the opportunity of 
making the equation dimensionless and we turn it into a forward equation. 
We set 
S = £ e ^ t = T-j!—, C = Ev{x,r). 
This results in the equation 
Where /ci = -r-^. The initial condition becomes 
i;(x,0) = M a x ( e ^ - l , 0 ) . 
Notice in particular that this equation contains only one parameter ki. 
The only essential factor controlling the option value is -r-ji which is the 
only dimensionless parameter. 
Equation (3.3.2) now looks much more like a diffusion equation and we 
can turn it into one by a simple change of variable. If we try putting 
for some constant a and /3 to be found, then differentiation gives 
0u + — = a'u + 2a— + — + {k, - l ) ( au + — ) - k,v. (3.3.3) 
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We can obtain an equation with no u term by choosing 
(3 = a^ + {ki -l)a-ki. 
while the choice 
0 = 2a + (A;i - 1) 
eliminates the -^ term as well as. These equation for a and /3 give 
« = Y'^h - 1) 
We then have 
V = e^('='-i^"-4 ('=i+i)'-u(a;, r ) (3.3.4) 
Where 
du d^u 
-r- = -TT-^ lor — oo < X < oo, T > 0 
OT dx^ 
with 
u(a;,0) = uo(x) = max(e2(^'+^^^ - e^^^'-^^\^) (3.3.5) 
The solution of the dilTusion equation problem is 
U{X,T) = - - = uo{S)e-^-ir^ dS (3.3.6) 
Zy'TTT y -oo 
where Uo(x) is given by (3.3.5) 
It remains to evaluate the integral in (3.3.6). It is convenient to make 
the change of variable x' = ^^/^ so that 
2 roo _ 
= / Unfx'x/ZT 4-x ')e~" ' 
/2n 
U{X,T) = -j=  uo{ 'V2^ + x)e-''"dx' 
727 
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U{X,T) = /i - hi say). 
Here 
1 p ^,(,^^,)(^^^,^)-,^.„^^, 
gi(fcl+l)l+i(fcl+l)2T .00 
= e2 N{d,) 
where 
62 a6 
is the comulative distribution function for the normal distribution. The 
calculation of I2 is identical to that / i , except that (/ci + 1) is replaced by 
[ki — I) throughout. Lastly, we retrace our steps, writing 
and then putting x = log (^), r = ^(T'^{T — t) and C — EV{X,T), to 
recover 
C{S,t) = SN{di) - Ee-'-^'^-'^N{d2) 
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where 
log(j) + ( ^ + X ) ( T - 0 
log(|) + ( r - y ) ( r - 0 
The corresponding calculation for a European put option follows siniiler 
lines, but having evaluated the call, a simpler way is to use the put-call 
parity formula 
C-P = S- ^e-'"'^-'' 
i.e. 
P{S,t) = Ee-'-^'^-'^N{d-2) - SN{d.i) 
3.4 AMERICAN OPTION: An American option has the additional fea-
ture that exercise is permitted at any time during the life of the option. 
American option gives its holder greater rights than the European option 
via the right to early exercise, potentially it has a higher value. 
We consider two valuation problems for American type options as free 
boundary problems. The first is the American put problem and second is 
an American call option on an asset which pays dividends at a continuous 
rate. 
The dividing price between exercise and non-exercise is called the op-
timal exercise price Sj[i). It doj)cnds on the time rciiiaiiiing to expliy as 
well as the other parameters of the problem such as volatility. 
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3.4.1 AMERICAN P U T OPTION: Consider the Black-Scholes partial 
differential equation for the valuation of a European put, 
with payoff' 
P(S',T) = Max(£; - 5,0) (3.4.2) 
and boundary condition 
P{OJ) = Ee-''^'''-'\ P (5 ' , 0—>0 as 5—>oo (3.4.3) 
As is well-known, the value of the European put falls below its intrinsic 
value for some value of S. This is easily seen by considering the value of 
the put option at .S = 0. Here the intrinsic value of the option is E but, 
froiii the boundary condition (3.4.3) 
P(0,0 = Ee-''^^-'^ < E 
Thus the value of the option is less than its intrinsic value for t < T. If 
the American put option were valued accordin^^ to the European put option 
formula then there would be arbitrage possibilities. The absence of these 
means that we must impose the condition 
P{S,T)>Ua.x{E-S,0) (3.4.4) 
for the American put. Also an American option does not satisfy an equality 
but an inequality. For an American option instead of (3.4.1) we have 
rP < 0. dP dt + 
1 d'^P 
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^dP 
We know that a free boundary must exists since the European put option 
formula does not satisfy the constraint (3.4.4). Suppose further that 
P = E - S for some5 < E. 
If this is the case then P most certainly does not satisfy the Black-Scholcb 
equation (unless r = 0) since 
j^{E -S) + \^'S'^^{E -S) + rS-^{E -S)- r{E - S) = -rE < 0. 
But P does not satisfy the inequality. When P = E — S the return from the 
portfolio is less then the return from an equivalent bank deposit, and hence 
it is optimal to exercise the option. At any given time t, we must divide the 
S axis into two distinct regions, one where early exercise is optimal and 
and the other where early exercise is not optimal and 
3.4.2 A M E R I C A N CALL O P T I O N : We consider some analytical as-
pects of the model for an American call option on a dividend paying asset, 
the value C(5 , i) of the call satisfies 
f + r ' ^ ' H + ' • • - "'^^^' '-^ = »• <3-''-5) 
So long as exercise is not optimal. The payoff condition is 
CiS,t) = M&x{S~E,0) (3.4.6) 
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and because the option can be exercised at any time, we always have 
C{S\t)>M&x{S- E,0). (3.4.7) 
If there is an optimal exercise boundary S = Sf{t) then at 5 = Sj{t) 
dC 
C[Sj[t\t) = Sj[t) - E, -QgiSAiM = 1. (3.4.8) 
If an optimal exercise boundary does exist, then (3.4.5) is only valid while 
C ( 5 , i ) > M a x ( 5 - £ ; , 0 ) 
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CHAPTER-4 
EVOLUTION OF VARIATIONAL 
INEQUALITY 
4.1. Introduction: The theory of variational inequality was introduced by 
Stampacchia [31] and Fichera [21] in the early sixties to study the problem 
in potential theory and mechanics respectively, they studied the following 
problem: 
Let i / be a real Hilbert space and its dual H* where norm and inner 
product are denoted by ||.|| and (.,.) respectively. The pairing between H* 
and H is denoted by < .,. >. Let K be a nonempty closed convex subset 
of H. Then the problem of finding u € K such that 
< r ( u ) , u - u > > 0, for all y e A' (4.1.1) 
where T : H —> H* is a continous linear operator, is called varitional m-
equality problem and inequality (4.1.1) is called variational inequality. It 
has been shown recently that the development of the variational inequality 
theory led to a number of advances in the study of contact problem in solid 
mechanics, general theory of transportation and economics equilibrium and 
fluid flow through porous media. Most of the problems of physics and me-
chanics have been formulated in the form of variational inequality, see for 
example, Duvaut and Lions [20], Bensoussan and Lions [2], Baiocchi and 
Capelo [15], Crank [33], Kikuchi and Oden [62], Panagiotopoulos ([65], [66]) 
and the references therein. 
Variational inequality theory have become a rich source of inspiration 
for scientists and engineers because their diverse forms serve as mathemat-
ical models to a large number of interesting physical phenomenon occuring 
in various important fields. 
In a variational inequality problem, the underlying convex set does not 
depends upon its solution. If it does, then this class of variational inequality 
problem is called quasi-variational inequality problem which was introduced 
and studied by Bensoussan, Goursat and Lions [1] in 1973, in connection 
with impulse control. 
There are several standared text books and monographs dealing with 
the various aspects of variational and quasi-variational inequalities, see for 
instance Aubin ([37], [38]), Bensoussan and Lions [2], Baiocchi and Capelo 
[15], Ciarlet [67], Crank [33], Duvaut and Lions [20], Glowinski, Lions and 
Tremoliers [72], Kikuchi and Oden [62], Kinderlehrer and Stampacchia [17], 
Mosco [80], Panagiotapoulos [65] and etc. 
In section 4.2 deals with a brief survey of variational and quasi-
variational inequalities. Section 4.3 is devoted to the introduction and 
survey of vector variational and variational-like inequalities while section 
4.4 is devoted to the brief survey of complementarity problems. 
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4.2 VARIATIONAL AND QUASI VARIATIONAL INEQUALI-
TIES : In this section, we present a brief introduction and some important 
formulations of the various type of variational and quasi-variational inequal-
ities. 
Let H,I\,< .,. >,(., .) and ||.|| be the same as in section 1.2. Given 
two nonlinear operators T,A:H —> H* is a functional f ^ H", a proper 
functional j : H —^ RU {oo}, a bilinear form a(.,.) : H \ H —> R and an 
approriate form 6(.,.) : H x H —> R. Then we have the following : 
Problem 4.2.1: Find u € K such that 
a{u^v-u)> < / , u - u > , for all v e K (4.2.1) 
where the inequality (4.2.1) is known as variational inequality. The problem 
(4.2.1) is known as variational inequality problem which characterizes the 
classical Signorini problem of elastostatics, that is the analysis of a linear 
elastic body in conrtact with a rigid frictionless foundation. This problem 
was introduced and studied by Lions and Stampacchia [35]. In 1967, they 
proved the following theorem, which is one, among fundamental theorems 
of the field of variational inequalities. 
Theorem 4.2.1;If a(.,.) is a continuous and coercive bilinear form on H 
then problem 4.2.1 has a unique solution. 
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In the formulation of the variational inequality, the underlying convex 
set does not depend upon the solution. In many application, the convex 
set is also depends implicitly on the solution u itself. In this case, the 
variational inequality 4.2.1 is known as quasi-variational inequality which 
arises for instance from decision sciences. This was considered and studied 
by Bensoussan, Goursat and Lions [1]. To be more precise, given a mul-
tivalued mapping u —> K{u), which associates a nonempty closed convex 
subset K{u) of H for any element u of H, then a typical problem of quasi-
variational inequality is as follows: 
P r o b l e m 4.2.2: Find u € K{u) such that 
a{u,v-u)> <f,v-u>,ioT all u € A'(u). (4.2.2) 
In many important applications , see ([2], [15], [80]) the set K{u) is of the 
following form: 
K{u) = m{u) + K (4.2.3) 
where m : H —y H is a. nonlinear operator, Bensoussan, Goursat and 
Lions [1], and Baiocchi and Capelo [15]. It is remarked that m is zero op-
erator then problem 4.2.2 is the same as problem 1.2.1. The solution of 
the problem 4.2.1 and problem 4.2.2 can be obtained by the Fixed point 
method using the projection mapping, see Glowinski, Lions and Tremoliers 
[72], Noor [55], Noor et. al. [52]. 
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Since the general problem of equilibrium of elcistic bodies in contact 
with rigid foundation on which frictional forces are developed in one of the 
most difficult problem in solid mechanics. Duvaut and Lions [20] investi-
gated the following variational inequality problem : 
Problem 4.2.3: Find u € K such that 
a{u,v-u) + j{v)-j{u)>< f,v-u>, for alive K. (4.2.4) 
The existence of its solution has been proved by Glowinski, Lions and 
Tremoliers [72] and Necas, Jerusek and Haslinger [36]. The corresponding 
qausi-variational inequality problem to the problem 4.2.3 is the following: 
Problem 4.2.4: Find u 6 K{u) such that 
a{u,v-u) + j{v) — j{u) >< f,v ~ u >, ior all u € A'(u). (4.2.5) 
A generalization of problem 4.2.3 is the following ; 
Problem 4.2.5: Find u E K such that 
a{u,v~u) + b{u,v)-b{u,u)>< f,v-u>, iov all u €/<• (4.2.6) 
The problem 4.2.5 characterizes fluid flow through porous media and Sig-
norini problems with nonlocal friction. This type of problem have been 
studied by Odean and Pires [43]. For existence of the problem 4.2.5, see 
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Demkowicz and Oden [51], kikuchi and Oden [62] and Noor [54]. 
If we restrict the dependence of the form b{u,v) to its second variable 
only, i.e. b{u,v) = j{v), for all u £ H then problem 4.2.5 reduces to 
problem 4.2.3 . 
The corresponding quasi-variational inequality problem 4.2.5 is the follow-
ing : 
Problem 4.2.6: Find u € K{u) such that 
a{u,v — u)+ b{u,v)— b{u,u) >< f^v— u >, iov all u G A^('u). (4.2.7) 
problem 4.2.6 is introduced and studied by Siddiqi and Ansari [8]. For 
furthur generalization of problem 4.2.6 see Kazmi [47] and Hussain [75]. 
Noor [53] introduced and studied the following new class of variational 
inequalities which represents a class of mildy nonlinear elliptic boundary 
value problems having constraints : 
Problem 4.2.7: Find u € K such that 
<T{u),v-u>>< A{u),v-u>, ioT all u e A'. (4.2.8) 
The inequality 4.2.8 is known as the mildy (strongly) nonlinear variational 
inequality 
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The strongly nonlinear quasi-variational inequality problem, a general-
ization of problem 4.2.7, is the following : 
Problem 4.2.8: Find u G K such that 
<T{u),v-u>><A(u),v-tc>, for aUveK{u). (4.2.9) 
Which is introduced and studied by Mosco [80], Siddiqi and Ansari [8] 
It is natural to consider the unification of these problems and study 
them as a general framwork. Kikuchi and Oden [62] has introduced the 
following problem : 
Problem 4.2.9: Find u € A' such that 
< T{u),v- u > +j{v) -j{u) >< f,v-u>, for all v € A'. (4.2.10) 
Noor [53] and Siddiqi, Ansari and Kazmi [12] have generalized the problem 
4.2.9 and introduced the following problem: 
Problem 4.2.10: Find u G A' such that 
< T{u), v-u> +j{v) - j{u) >< A{u),v- u >, for all v G A'. (4.2.11) 
Siddiqi [4] has introduced and studied the following problem, which is a 
generahzation of problem 1.3.10: 
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Problem 4.2.11: Find u G K such that 
< T{u), V -u> +6(u, v) - b{u, u)> < A{u), v -u >, for all v G A' 
(4.2.12) 
In 1992, Kazmi [46] has introduced and studied the following problem: 
Problem 4.2.12: Find u 6 K,x € T{u) and y € A{u) such that 
< x,v — u>+b{u,v)— b{u,u)> <y,v — u>,iov all u € A'. (4.2.13) 
Where A,T : H —> 2^ are multivalued mappings. The corresponding 
quasi-variational inequality problem to the problem 4.2.12 is introduced 
and studied by Siddiqi, Husain and Kazmi [14]. 
It is remarked that the most of the above mentioned classes of vari-
ational and quasi-variational inequalities are applicable to study of the 
boundary value problems of even orders only. Isac [22] and Noor [57] sepa-
rately, introduced and studied the following problem: 
Problem 4.2.13: Find u € K such that g{u) e K and 
<T{u),g{v)-g{u)> > 0, for all (7(1;) G A'. (4.2.14) 
where T : H —> H* and g : H —> H are continuous operators. Problem 
4.2.13 is known as general non-linear variational inequality problem, see also 
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Kazmi [48]. The general variational inequality problem is the following : 
Problem 4.2.14: Find u e H such that g{u) G K{u) and 
< T{u),g{v) - gill) > > 0, for all g{v) € A'(u). (4.2.15) 
Which is considered and studied by Noor ([58], [84]) and Siddiqi and Ansari 
[9] introduced and studied the following problem : 
Problem 4.2.15: Find u G A' such that g{u) G K and 
<Tiu),g{v)-g{u)> > < A{u),giv) - giu) >, (4.2.16) 
for all g{v) G K where g : H —> H is a, non-linear operator. Which is 
known as general strongly non-linear variational inequality. 
The quasi-variational inequality problem corresponding to problem 
4.2.15 is as follows : 
Problem 4.2.16: Find u^ H such that i5f(u) G K{u) and 
<T{u),g{v)-g{u)> > < A{u),g{v) - g{u) >, hv all g{v) E K{u). 
(4.2.17) 
Which is introduce and studied by Siddiqi and Ansari [9] and Noor [56]. 
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Noor [58] generalized the problem 4.2.13 in the following way : 
Problem 4.2.17: Find u e H such that g{u) € A' ard 
<T{u),g{v)-g{u)>+b{u,v)-b{u,u)>0,ioT all ^(i;) € A^ (4.2.18) 
Where T and g are continuous operators. 
In 1994, Ding [78] has introduced and studied the following problem : 
Problem 4.2.18: Find u e H,x e T{u) and y G A{u) such that 
g{u) € A' and 
< x,v - g{u) >><y,v - g{u) >, ior z.\\ g{v) e K. (4.2.19) 
Where g : H —> H he a singlevalued and T,A:H —> 2^'' be two multi-
valued mappings. 
The quasi-variational inequality problem corresponding to problem 
4.2.18 is as follows: 
Problem 4.2.19: Find u ^ H,x £ T{u)andy € A{u) such that g{u) G 
K{ii) and 
<x,v-g{u) >><y,v-g{u) >, for all g{v) e K{u). (4.2.20) 
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In 1994, Ding and Tarafdar [79] generalized the problem 4.2.17 which is as 
follows: 
Problem 4.2.20: Find UQ G K and So e T{uo) such that 
< ^o,g{u) - 9{uo) + b{uo,u) - b{uQ,uo) > 0, for all u G K. (4.2.21) 
4.2 VECTOR VARIATIONAL AND VARIATIONAL-LIKE 
INEQUALITIES : In this section, we give a brief introduction of vec-
tor variational and variational-like inequalities which are the generalization 
of scalar variational inequality. 
Let X and Y be two real Banach Spaces. Let /v C X be a nonempty 
closed convex subset in X and let T : K —> L{X, Y) be a mapping, where 
L{X, Y) is the space of all linear continuous operators from X to Y. Let 
{C{u) : u G A''} be a family of closed, pointed, convex cone in Y with 
intC(u) 7^  (j) for every u G A', where intC(u) is the interior of the set C{u). 
Then the vector variational inequality problem is the following : 
Problem 4.3.1: Find UQ G K such that 
< T{uo),u- uo >^ -intC(uo), for all u G A'. (4.3.1) 
The vector variational inequality has been introduced by F. Giannessi [19] 
in Euclidean space. Vector variational inequalities have the applications to 
the vector optimization problems, see[28]. For the recent works on vector 
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variational inequalities, Chen and Yang [30], Yu and Cheng [29], Chen [27], 
Chen and Yang [30], Yu and Yao [76] etc. 
In 1995, Siddiqi, Ansari and Khalq [11], generalized the problem 4.3.1 
which is as follows: 
Problem 4.3.2: Fii.d UQ G A' such that 
< T(uo),u - g{uQ) >i -intC(uo), for all u e K. (4.3.2) 
Where g : K —> K is a nonlinear mapping. 
Lee et. al [25] introduced and studied the following problem for multi-
valued mapping : 
Problem 4.3.3: Find UQ G A' such that for each u G A' there exists 
!So € T[uo) sucii that 
<^«,ii - uo > 0 -intC(uo), (4.3.3) 
Where T ; X —)• 2^^^'^^ is a multivalued mapping and C is a closed, 
convex and pointed cone of Y. Problem 4.3.3 is called generalized vector 
variational inequality problem. 
In 1987, Parida and Sen [39] introduced and studied a new type of 
variational inequality problem in finite dimensional spaces, which can be 
written in the reflexive Banach Space setting as follows: Let < X'^X > 
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be a dual system of finite dimensional Banach Space and K and C be the 
nonempty subset of X. Given two mappings M : K x C —>• A^ * and 
77 : K X A' —> A' and T : X —> 2^' a multivalued mapping. Then they 
consider the following problem: 
Problem 4.3.4: Find UQ G K,XQ 6 T{UQ) such that 
< M{uo,xo),ri{v,uo) > 0, for all v € K (4.3.4) 
This problem is called generalized variational-like inequality problem. 
Parida, Sahoo and Kumar [40], introduced and studied the following prob-
lem in finite dimensional spaces which can be written in the reflexive Banach 
Space setting as follows: 
Problem 4.3.5: Find UQ G A' such that 
< r(uo),7?(v,uo) > > 0, for all v € A' (4.3.5) 
where T is a non-linear mapping and ?;(.,.) and K are same as in problem 
4.3.4. 
In 1992, Dien[61] introduced and studied the following problem in finite 
dimensional space which is a generalization of problem 4.3.5: 
Problem 4.3.6: Find UQ € K such that 
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< T(uo),v{u,uo) > +</>(«) - <^ (uo) > 0, for all u G K. (4.3.6) 
Where T : K —> R^, r) : K x K —> i?" are two continuous mapping and 
(f) : K —> R U {00} is a proper functional. 
Siddiqi, Kazmi and Ansari introduced and studied the following prob-
lem : 
Problem 4.3.7: Find u e K such that 
< T{u), ri{u, v) > +j{v) - j{u) > < A{u), r]{u, v) >, for all v € A'. 
(4.3.7) 
Where T, A : X —> X* are non-linear mappings, r)(.,.) is same as in prob-
lem 4.3.6 and j : K —> R U {00} is proper functional. 
In 1995, Siddiqi, Ansari and Ahmad [13] introduced and studied the 
following problem : 
Problem 4.3.8: Find UQ € A', XQ € T{uo) such that 
< Xo,T]{u,Uo) > +h{u) - h{uo) > 0, for all u € K. (4.3.8) 
Where T : K —> 2^' be a multivalued mapping and rj : K x K —;• A' 
is continuous and affine mapping and h : K —> R is lower semi-continous 
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convex functional. See, Siddiqi, Kazmi and Hussain [5]. 
On the other hand Ansari [71], introduced and studied the following 
problem in the same year. 
Problem 4.3.9: Find Uo G K such that for each u € K there exists 
So 6 T{uo) such that 
< So,rj{u,Uo) >^ -mi C{uo). (4.3.9) 
Where T is same as in problem 4.3.3 and rj : K x K —> K be a contin-
uous mapping. Problem 4.3.9 is called generalized vector variational-like 
inequahty problem. 
4.4 COMPLEMENTARITY PROBLEM: The area of operations 
reasearch known as complementarity theory, has reaceved much attention 
during the last thirty years. The complementarity theory introduced by 
Lemke [16] and Cottle and Dantzing [74] in the early 1960s and later de-
veloped by others plays an important and fundamental role in the general 
equilibrium theory of transportation and economics, managments sciences 
and many other branches of mathematical and engineering sciences. The 
relationship between a variational inequality problem and a complementar-
ity problem as been noted implicity by Lions [34], Mancino and Stampac-
chia[63]. 
It has been shown by Karmardian [45] that if the set involved in the 
variational inequality and the complementarity problem is a convex cone, 
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then both problems are equivalent, that is both have the same solution set. 
This equivalence plays an important part in suggesting algorithmes for com-
plementarity problems (see Noor [59] and Ahn [32] etc.). 
In recent years various useful extension of these two different prob-
lemsn have been introduced and studied by Ahmad, Kazmi and Siddiqi 
[44], Chang and Huang [77], Harker and Pang [68], Isac ([22], [23], [24]), 
Kazmi [49], Pang ([41], [42]), Saigal [73], Siddiqi and Ansari [10] and Zeng 
[50] and the references therein. 
Let H,< .,. > and ||.|( be same as in section 4.1. Let K he a, closed 
convex cone in H and K* be the polar cone of K. Let T : H —> H* be a 
given continuous operator. Then the problem of finding u € K such that 
r ( u ) e A" and < u , T ( u ) > = 0 (4.4.1) 
such type of problems are known as linear and non-linear complementarity 
problems depending upon whether the operator T is linear or non-linear 
respectively. 
Recently, some research papers on applications of evolution variational 
inequalities in river network and sandpile model have been published. This 
type of results have also found wide application in fluid flow through porous 
media and elasto-plastic body problems etc. 
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CHAPTER-5 
MODELLING OF AMERICAN OPTIONS 
THROUGH VARIATIONAL INEQUALITY 
5.1. Introduction: A study of option pricing depending on history of the 
asset price and caring for inflation and devalution is proposed. Black and sc-
holes [18] initiated the modelling of some equity derivatives by the parabohc 
partial differential equation with appropriate boundary conditions. 
Wilmott, Dewynne and Howison [69] have extensively studied the ap-
plications of numerical methodes in problems of bank and finance. Now-
a-days the main priority of financial institution is to manage risk instead 
of dealing with cash and securities. In view of the unparalleled growth of 
financial derivatives in the last two decades, the proper modelling and stud-
ies of inter-element relationship is a challenging problem. The main task 
before succesful financial institution is to understand these instruments and 
to develop risk-free stratigies to yield maximum benefit. 
5.2 BASIC CONCEPTS RELATED TO EUROPEAN AND 
AMERICAN OPTIONS: Before introducing European and American 
options, we briefly mention the commonly used terms like asset or under-
lying asset, equity, derivative, equity derivative, expiry, option pricing, call 
option, put option, strike price (exercise price), risk management, volatility. 
By underlying asset, often called underlying or asset, we mean com-
modity, exchange, shares, stocks and bonds etc. Equity is a share in the 
ownership of a company which usually guarantees the right to vote at meet-
ings and a share in the dividends (payment to shareholders as return for 
investment in the co-operation). Derivatives refers to either a contract or 
a security whose payoff or final value is dependent on one or more features 
of the underlying equity. In many cases it is the price of the underlying 
equity which determines to a large extent the value of the equity derivative 
or derivative based on equity, although other factors like interest rates, time 
to maturity and strike price can also play a significant role. The termina-
tion time of derivatives contracts, usually when the final pay-off value is 
calculated and paid, is called expiry. Option pricing or options are some 
kind of contracts. The right to the holder (owner) and an obligation to the 
seller (writer) of a contract either to buy or to sell an underlying asset at 
a fixed price for a premium. In call options the holder has the right buy 
not the obligation to buy the underlying asset at the strike price. Options 
in which the right to sell for the holder and the obligation to buy for the 
writer at a strike price E for the payment of a premium is guaranteed, are 
called put options. Strike price or exercise price is the price at which the 
underlying asset is bought in options. Risk managment is the process of 
establishing the type and magnitude of risk in a business enterprise and 
using derivatives to control and shape that risk to maximize the business 
objective. Volatility is a measure of the standard deviation of returns. In 
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practice it is understood as the average daily range of the last few weeks or 
average absolute value of the daily net change of the last few weeks. 
5.3 MODELLING OF EUROPEAN OPTIONS: A European call op-
tion is a contract with the following conditions : At a prescribed time in 
the future, known as the expiry date, the owner of the option may purchase 
a prescribed asset, called underlying asset , for a prescribed amount (strike 
price or exercise price) Similarly, a European put option is a contract in 
which at a prescribed time in the future the owner (holder) of the option 
may sell an asset for a prescribed amount. 
Let V{S,t) denote the value of an option which is the function of the 
underlying asset S at time t. Black and Scholes [18] proved that V is a 
solution of the parabolic partial differential equation : 
dV 1 2c.2<9'V^ ^dV , , ^ 
^ + 2 ^ ^ 5 ^ ^ + r 5 - - r V = 0. (5.3.1) 
Where a and r are volatility and interest rate, respectively. 
Let C{S,t) and P{S,t) denote the value of a call option and put option. 
We know that a European call option C{S,t) is a solution of the following 
boundary value problem: 
dC 1 ^^^d^C JC ^ 
C ( 5 , 0 = M a x ( 5 - £ , 0 ) (5.3.3) 
C(0,i) = 0 (5.3.4) 
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C ( 5 , f ) - ^ 5 as 5-^c5o (5.3.5) 
where S, a, r are as above, and E and t are the exercise price and expiry 
time respectively 
On the other hand, a European put option P{S,t) is a solution of the 
following boundary value problem: 
dP ^l 2n2d'P ^ ^dP 
P{S,t)= Max (£^ -5 ,0 ) (5.3.7) 
P(0,t) = Ee-^(^-') (5.3.8) 
If r is independent of time 
P(0 ,0 = ^e-/.^^(^^''(^) (5.3.9) 
If r is time dependent 
As 5" -> oo, the option is unlikely to be exercised and so 
P ( S , t ) - ^ O a s ^ - ^ o o (5.3.10) 
Equation (5.3.2) - (5.3.5) and (5.3.6) - (5.3.10) are known as Black-
Scholes model for call and put options respectively. 
The Black-Scholes call option model can be transformed into the diffu-
sion equation 
du d'^u ^ 
•^ = -K-^ for - oo < X < CO, r > 0 (5.3.11 
• : r — . ^ 5 
^4 
.. ( Ace. No )'^)/ 
with 
u{x,0)= Max(e^^'=+l)^-e5('=-^)^0) (5.3.12) 
by putting S = £e^,f = T - T ^ and 
C{S,t) = Ee'T(^-'^''-'^'+'^''uix,T) 
where k = -rr . 
The Black-Scholes put option model can analogously be written in the 
form of the diffusion equation. 
5.4 MODELLING OF AMERICAN OPTIONS: American options 
are those opotions which can be exercised by any time prior to expiry time. 
American call and put options are related to buying and selling respectively. 
The valuation of American options leads to a free boundary problem. Typ-
ically, at each time T there is a valuation of S which marks the boundary 
between two regions, namely to one side one should hold the option and to 
the other side one should exercise it. Let us denote this boundary by Sj{i) 
(generally, this critical asset value varies with time). Since we do not know 
Sf{t) a priori, we are lacking one piece of information compared with the 
corresponding European option problem. Thus with American options we 
do not know a priori where to apply boundary conditions. This situations 
resembles the obstacle problem and can be effectively tackled by methods of 
variational inequalities. Wilmott, Dewynne and Howison [69] have shown 
that American call option and American put option can be formulated as 
the following boundary value problems and equivalent variational inequali-
ties. 
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American call option is modelled by the following boundary value prob-
lem 
- - ^ > 0 (5.4.1) 
u(a ; , r ) -^(x ,T) > 0 (5.4.2) 
u(x ,0)=^(x ,0) (5.4.4) 
u(a,r) = 5r(a,r) = 0 (5.4.5) 
u(h,T) = g{h,r) (5.4.6) 
where 
g{x,T) = e^ '^^ +'l'^  max(e2(^ =+1)^  - e^('=-l)^0) (5.4.7) 
The financial variables S, i and the option value C are again computed 
by putting 
5' = £ e ^ t = T '' W 
and 
C{S,t) = £;e^('=-^)^-7('=+^)'^u(x,r) 
In order to avoid technical complications, the problem is restricted to a 
finite interval (a, 6) with a and 6 large enough. In financial terms, we assume 
that we can replace the exact boundary conditions by the approximation 
that for small values of S,P = E — S, while for large value, P = 0. 
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Let us denote by UT the function x -> u{x, r ) . The equivalent parabolic 
variational inequality is as follows: 
Find u = UT ^  kr{T (runs over [0, -r-jT]) such that 
du {^-,ip-u)2 + a{u,if-u)>0 (5.4.8) 
UT 
for all ip G AV, a.e. r G (0, |cr^T), 
u(x,0) = 5(0:,0) 
where 
kr : {v e H'{a,b) \ v{a) = g{a,T),v{b) = g{b,T),v{x) > g{x,T)} 
and (.,.)2 denotes the inner product on L'^{a,b) with 
^ ( 0 , \a'T) = {v\ve L'iO, ^-a'T; H'{a, b)), ^ € 1^(0, ^-a'T; H'{a, b))] 
W,{0, ^-a'T) = {v\ve W{0, ^-a'n ^ 0 ) = g{., 0)} 
and 
K = {v\ve W{0, ^ a 'T ) , Vr € A% for a. e. r € [0, ^a^T]} 
A'o = {v\ve Wo{0, \(T^T),Vr e A'^  for a. e. r € [0, i a ' T ] } 
we can formulate an equivalent variational inequality : 
Find u € A'o such that 
Jo i^^^P - ^)2dT + j a{u,ip-u)dT>0 (5.4.9) 
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for all v? € K 
5.5 AMERICAN P U T OPTION: American put option is modelled by 
a boundary value problem that only differs in the boundary conditions and 
the (transformed) pay-off function g : 
| ^ - | ^ > 0 (5,5.1) 
Or ox^ 
u{x,T)-g{x,T)>0 (5.5.2) 
( | ^ - | ^ ) K x , T ) - 5 ( x , r ) ) = 0 (5.5.3) 
u{x,0) = g{x,0) (5.5.4) 
u{a,T) = g{a,T) (5.5.5) 
u{b,T) = g{b,T) = 0 (5.5.6) 
g{x, T) = e?(^-^)'^ max(e^(''+i)^ - e^^'-'^^ 0) (5.5.7) 
where 
The equivalent variational inequality is formulated to (5.4.8) or (5.4.9) 
with the only change in the boundary conditions and the function g. 
It may be remarked that in American call option C(5, t) lies above the 
payoff max{S — E, 0); in the transformed variables, this conditions takes the 
form u{x, r) — g{x, r) > 0. 
The condition §7 - f^ > 0 means that the return from the risk delta-
hedged portfolio is less than the risk free interest rate r. 
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